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Abstract
How do business cycle fluctuations affect the ability of households to smooth
consumption against idiosyncratic shocks? To answer this question, we first document that, in U.S. micro-data, individual consumption reacts more to income
changes in booms. Standard incomplete markets models, in contrast, where individuals borrow and save to smooth consumption, predict a lower sensitivity
of consumption to individual income changes during times of high output. This
motivates us to consider an alternative environment where financial frictions
are endogenous and arise from lack of contract enforcement, whose business
cycle properties have so far not been studied. We show analytically that this
model is consistent with a wide variety of cyclical patterns of insurance. In a
quantitative application with unemployment risk, we show that the response of
individual consumption to job losses differs strongly between times of high and
low output, and identify the conditions under which it is procyclical, as in the
data.
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Introduction

The degree to which households can smooth consumption in the face of unexpected
shocks is an important determinant of their average well-being. This paper studies
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how fluctuations in aggregate economic activity affect this ability of households to
smooth consumption against idiosyncratic shocks. We think this is interesting for
at least two reasons: first, fluctuations in the degree of consumption smoothing, and
their comovement with aggregate economic conditions, may inform us about the economic frictions that make risk sharing imperfect in many economic contexts. Such
information is useful because the effect of policies aimed at reducing consumption
volatility depends on those frictions. Second, business cycles have additional welfare costs when they decrease the degree of risk sharing, or consumption smoothing,
on average or make it more variable over time. In fact, the utility cost of cyclical
fluctuations in aggregate income is approximately proportional to its variance VY .1
That of cyclical fluctuations in consumption smoothing, in contrast, is proportional
to E(β 2 − β̄ 2 )Vy , where Vy is the variance of idiosyncratic incomes while β and β̄
denote the fractions of income shocks that pass through to consumption in, respectively, the cyclical economy and an economy without cyclical fluctuations. Business
cycles are thus costly not only whenever they lower insurance against idiosyncratic
shocks (or raise β) on average, but also when they increase the variance of insurance. Since idiosyncratic incomes are substantially more volatile than their aggregate, cyclical fluctuations in consumption insurance are likely to have a substantial
additional welfare cost, relative to standard measures of the cost of business cycles.2
Motivated by these considerations, our paper makes three contributions: first, we
show that in data from the US consumer expenditure survey (CEX), household consumption reacts more strongly to individual income changes in booms. In other
words, the sensitivity of individual consumption to income changes is procyclical.
1

See Appendix III for a derivation.
The standard deviation of the log-difference in family disposable post-tax income in data from
the US consumer expenditure survey (CEX) is, after accounting for time-fixed effects, 50 percent
(compared to 65 for family earnings). The standard deviation of log-differences in aggregate US
disposable household incomes (when log-differences are calculated as the same year-on-year overlapping averages as in the CEX, see the data section for details), is 1.2 percent. The variance of β,
measured using a yearly regression of total consumption growth on income growth, is 6.4 percent for
V V
disposable income (4.0 percent for family earnings). This implies a ratio VβY y of about 110 for both
measures of individual incomes. While measurement error in individual incomes inflates this ratio,
it attenuates estimates of β, whose mean and variance are around 10 and 6 percent, respectively, in
US CEX data.
2
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Second, we show how in standard economies with (exogenously) incomplete markets, the cyclical behavior of consumption smoothing is determined by the cyclicality
of interest rates and income persistence, and (when preferences exhibit prudence
or borrowing limits are imposed) by that of the wealth and income distribution. A
quantitative analysis shows that, in a bond economy similar to Huggett (1997), consumption reacts less to income changes in booms, in contrast to the data. Moreover,
aggregate risk strongly increases the average sensitivity of consumption to income
changes. In an economy with capital (Krusell and Smith, 1998), where the average
distance of household assets from their lower bound is larger and interest rates are
less cyclical, this sensitivity is still mildly lower in booms (but on average unaffected
by aggregate fluctuations), again in contrast to the data.
One reason for this counterfactual cyclicality of consumption insurance in simple
models of consumption smoothing is the exogenous character of financial frictions,
which do not respond to business cycle conditions: both the set of assets available,
and the (borrowing) constraints under which they are traded are exogenous. This
motivates us to study the cyclicality of consumption insurance in an alternative environment without exogenous restrictions to asset trade, but with endogenous, and
therefore potentially cyclical, financial frictions arising from limited enforcement
of co-insurance contracts. Since insurance is more valuable in times of high unemployment risk and low average income we would expect participation constraints to
loosen, and insurance to improve, in bad times. This could explain the finding of
countercyclical insurance in CEX data.
Our third contribution is to characterise the cyclical properties of risk sharing in
a standard continuum (“LC") economy with complete markets and limited commitment (Krueger and Perri, 2011, Krueger and Uhlig, 2006, Krueger and Perri, 2006)
analytically and quantitatively. We first show a separation result similar to Werning (2015)’s for incomplete markets economies (but not limited to deterministic aggregate fluctuations): with relative risk aversion equal to 1 (log-preferences) and
idiosyncratic risk that is independent of aggregate conditions, individual consumption shares are independent of the history of aggregate shocks in the LC economy,
3

and equal to those in the stationary environment without aggregate fluctuations.
So consumption insurance is acyclical. With risk aversion greater than 1 or cyclical
income risk, in contrast, the sensitivity of consumption to income changes is cyclical,
and in line with the data whenever participation constraints are more binding in
booms. We show how standard techniques to solve heterogeneous agent economies
(Krusell and Smith, 1998, Boppart et al., 2018, Reiter, 2009) are problematic in
the LC economy, and propose a new solution method, based on the near-analytical
solution to the stationary LC economy (Krueger and Perri, 2011, Broer, 2013). In
a quantitative application to unemployment risk, we find that cyclical fluctuations
in consumption risk sharing in the LC economy are substantially larger than in the
standard incomplete markets economy, while the average degree of risk sharing is
similar to that in the stationary economy. With procyclical income persistence, the
LC economy predicts a stronger response of consumption to idiosyncratic income
shocks in booms, as in the data.
Relation to the literature
Our analysis links two literatures that have so far remained largely separate. First,
the extensive theoretical and empirical literature on consumption risk sharing, surveyed e.g. in Attanasio and Weber (2010), has largely abstracted from cyclical fluctuations, concentrating on the average degree of consumption risk sharing or its
trend (Krueger and Perri, 2006, Blundell et al., 2008), and on stationary, or deterministic, model environments. We contribute to this literature in two ways: empirically we document substantial and significant comovement between cyclical components of aggregate GDP or aggregate disposable household income and standard
indicators of consumption risk sharing in US data. Theoretically we extend the stationary environment where insurance is limited by the risk of default, studied in
Krueger and Uhlig (2006), Krueger and Perri (2011), Krueger and Perri (2006), or
Broer (2013), to include aggregate stochastic fluctuations and characterize it both
quantitatively and analytically.3
3

See Lepetyuk and Stoltenberg (2013) for an environment with limited commitment and onetime uncertainty about a future aggregate state where transfers are constrained to only depend
on current income, in contrast to our setting with aggregate risk where transfers to unconstrained
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Our results link this literature on risk sharing to that on aggregate economic fluctuations in economies with heterogeneous agents, which has concentrated mainly on
exogenously incomplete markets (Bewley, 1977, Imrohoroğlu, 1989, Aiyagari, 1994,
Huggett, 1997, Krusell and Smith, 1998), and on the relationship between inequality and aggregate economic performance including the effect of policies4 . The effect
of aggregate conditions on the ability of consumers to protect their consumption
from income fluctuations has received less attention.5 Relative to this literature,
recently surveyed in Krueger et al. (2016), we make two contributions: first, we
study the implications of aggregate fluctuations not for the marginal cross-sectional
distribution of consumption or wealth, but for standard measures of consumption
insurance related to the joint distribution of consumption and income growth. Our
second contribution to this literature is to study, analytically and quantitatively, an
alternative market structure of complete markets with participation constraints (as
in Alvarez and Jermann (2000) or Kehoe and Levine (1993)).
Previous studies of cyclical movements in consumption inequality studied the dynamics of the cross-sectional distribution of consumption over the cycle (De Giorgi
and Gambetti, 2017), or in response to monetary policy shocks (Coibion et al., 2017),
but not the joint distribution of individual consumption and income. Because current income shocks matter more for permanent incomes when their persistence is
high, the cyclicality of income risk is relevant for that of consumption smoothing.
While Storesletten et al. (2004) found income risk to be countercyclical in US survey data, our evidence from CEX data is in line with Guvenen et al. (2014a) who
document acyclical variance (but procylical skewness) of income changes in US administrative income data.
agents have (potentially long) history dependence. Chien and Lustig (2009) study a related setting
with aggregate fluctuations and financial portfolio constraints.
4
See Kaplan and Violante (2018) for a survey of the recent literature on heterogeneous-agent new
keynesian (HANK) models. This literature has shown how the heterogeneity in marginal propensities to consume implied by idiosyncratic risk and incomplete markets changes the transmission of
shocks, and particularly the effect of policies that have distributional implications.
5
An exception to this is a recent paper by Acharya and Dogra (2018), who derive a closed form
expression for consumption as a function of asset holdings, individual income, and aggregate conditions in an endowment economy without aggregate risk under the assumption of exponential utility.
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Section 2 presents our empirical findings based on CEX data. Section 3 discusses
the effect of aggregate risk on consumption smoothing in environments with exogenously incomplete markets. Section 4 discusses the LC economy with endogenous
financial frictions, and Section 6 concludes.

2

Consumption Risk and Insurance Over the Business Cycle Evidence from CEX Data

In this section, we document how consumption risk and standard measures of consumption insurance fluctuate over the U.S. business cycle. For this we use data
from the Consumer Expenditure Survey (CEX), a 4-quarter rotating panel with detailed information about quarterly household consumption expenditures. The CEX
only collects information about annual household labor earnings and disposable income in the first and fourth survey round. Moreover, the gap between aggregate
CEX consumption and that in the U.S. National Income and Product Accounts has
widened over time, which has been interpreted as a decline in the quality of CEX
consumption data.6 Together, these facts point to substantial noise in CEX data
on the joint income-consumption distribution. We nevertheless choose the CEX as
a source of information over alternative datasets, such as the PSID, because of its
high frequency, and its broad coverage of consumption items.7 We interpret our results below bearing in mind the issue of measurement error, and discuss the extent
to which it may influence our measurement of the comovement between consumption smoothing and the business cycle. In addition, we are aware of the somewhat
odd timing of measurements of consumption and income in the CEX. We deal with
it in the following way: rather than follow Gervais and Klein (2010) and adjust our
econometric approach to measuring consumption smoothing, we compute moments
6

For a discussion, see Davis (2003), and Battistin (2003) who argues that in particular the quality
of CEX interview survey data on frequently purchased small items has declined.
7
See Gervais and Klein (2010) for details on the timing in the CEX. In addition, information
about disposable income is missing in the years 2004 and 2005. The PSID, in contrast, only contains
annual information about food consumption until 1996, when it broadens its coverage of consumption
categories but changes from annual to biannual frequency.
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in all model simulations in such a way as to be consistent with the timing in the
CEX. Specifically, we use 4-quarter differences in log quarterly consumption, and
changes in annual log income observations which partially overlap with the consumption observations, just as in the CEX.
Since we are interested in private smoothing, or risk sharing, of overall consumption conditional on public insurance through taxes and transfers, our benchmark
results focus on the joint distribution of the growth rates of the CEX definition of
family disposable income, on the one hand, and a broad nondurable consumption
aggregate (including rental payments and imputed rental services for house owners), denoted ND+, on the other. We also consider an alternative income measure,
family earnings, and two alternative consumption measures, the CEX aggregate
of nondurable consumption excluding rental payments (ND), and food consumption
(Food). Our CEX sample starts in 1983 and ends in 2012. We focus on households
whose head is of working age (between 21 and 64 years of age), and who are labeled
as complete income respondents, and whose income is not top-coded.8 Appendix I
contains details about data construction.
As measures of the business cycle we consider deviations from a log-linear trend of
three aggregate output or income measures: real GDP, real household disposable
income from the National Income and Product Accounts (NIPA), and the mean of
disposable income in the CEX sample. We define as booms, or good times, those of
above-trend aggregate activity, and as bad times those with activity below trend.
We prefer this definition to the natural alternative of using recessions as determined by the NBER Business Cycle Dating Committee. Apart from the fact that our
sample period only comprises three such recessions, our definition is more in line
with our model predictions, relating to times of below-trend activity, while NBER
recessions aim to identify the period between peak and trough of the cycle, and thus
periods of declining activity.
A particularly simple measure of the sensitivity of individual household consump8

In addition, we exclude households whose composition changes, and those that have not completed all four surveys.
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tion to individual income changes is the slope of the conditional mean of consumption growth as a function of income growth, equal to the coefficient β in the following
regression
∆ct = α + β∆yt + εt

(1)

where ∆ct and ∆yt denote the (4-quarter) log-difference of individual consumption
and income, respectively, α is a constant, and εt is an error term. Although not a
structural parameter per se, we use β as a simple, and classical, measure of consumption insurance (see Gervais and Klein (2010)’s discussion of the literature)
that allows us to indirectly infer model parameters. Importantly, any measurement error in consumption leaves the regression coefficient unaffected, while error
in measured incomes over and above that introduced by the asynchronicity with
consumption (which we deal with explicitly) attenuates it. In addition to β, we also
look at the cyclical behavior of a simple measure of consumption risk, namely the
cross-sectional standard deviation of consumption growth STD(∆c). As we argued
in the introduction, it is the cyclicality of STD(∆c) that may strongly affect the cost
of business cycles. Although measurement error in consumption strongly affects
the level of STD(∆c), it does not affect its cyclical behavior as long as the error is
not in itself cyclical.
According to Table 1 the regression coefficient β equals between about 3 and 6 percent on average in our sample, in line with values found in previous studies, indicative of strong average insurance and / or measurement error in income. Panel a) of
Figure 1 shows how, when we estimate (1) quarter by quarter, this average masks
a wide dispersion of coefficient values, whose standard deviation equals more than
80 percent of their mean. This substantial dispersion is not, however, simply due to
noise: According to Panel b) of Figure 1 periods when aggregate disposable income
or GDP are above trend (along the bottom axis) are associated with higher-thanaverage sensitivity of individual consumption to income changes (higher values of
β, along the vertical axis). Moreover, this cyclicality is substantial: according to
panel c) the regression coefficient β is on average three quarters higher when the
cyclical component of income is in the top quintile, compared to the bottom quintile.
8
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Figure 1: Consumption Insurance in CEX data
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Table 1: Regression coefficient β, in percent
(1)

(2)

ND+
Disp income growth

5.043

∗∗∗

(15.17)

(3)

ND
6.213

∗∗∗

Food

(4)

(5)

(6)

ND+

ND

Food

2.802∗∗∗

3.033∗∗∗

2.692∗∗∗

(11.04)

(9.28)

(6.67)

∗∗∗

5.010

(14.53)

(9.47)

Earnings growth

0.261

0.746∗∗∗

-1.129∗∗∗

0.322∗∗

0.830∗∗∗

-1.063∗∗∗

(1.60)

(3.55)

(-4.34)

(1.97)

(3.94)

(-4.09)

r2

0.00664

0.00609

0.00260

0.00353

0.00250

0.00129

N

34444

34444

34444

34443

34443

34443

Constant

The table reports the regression coefficient β, in percent, in different versions of (1) when ct is nondurable consumption
plus (imputed) rental services (ND+, columns 1 and 4), nondurable consumption (ND, columns 2 and 5), or food consumption
(Food, columns 3 and 6), and when yt is total disposable family income after taxes and transfers (row 1), or family earnings
(row 2). Robust standard errors are used; stars denote conventional significance levels:

∗

(p<.1), ∗∗ (p<.05), ∗∗∗ (p<.01).

Table 2 depicts the corresponding coefficients in a regression of quarterly β coefficients on deviations of aggregate income measures from their log-linear trend. It
shows that the procyclical sensitivity of individual consumption to income changes
is highly significant for both measures of nondurable consumption (ND+ and ND,
in columns 1 and 2, respectively), and for both the CEX and the NIPA measure of
aggregate disposable income as indicators of business cycles (columns 1 and 3). It
is insignificant, however, for food consumption (column 4).
The procyclical sensitivity of consumption to income changes documented in Panel
b) and c) of Figure 1 results in strongly procyclical cross-sectional dispersion of consumption growth, as shown by the strongly increasing standard deviation in Panel
d). This relationship holds not only when taking disposable income (CEX or NIPA)
as an indicator of the cycle, but also for deviations of log US GDP from its trend (in
gray). Moreover, it is, again, economically important, and not due to extreme observations in the micro-data: the 90-10 percentile ratio of ND+ consumption growth
in the cross-section is 10 percent higher when detrended disposable income is in
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Table 2: β and aggregate income
(1)
ND+
Disp income (CEX)

(2)

(3)

ND+

ND

∗∗∗

(4)
Food
∗∗

29.78

31.57

(2.66)

-7.626

(2.18)

(-0.45)

37.08∗∗

Disp income (NIPA)

(2.00)
Constant

0.0510

0.0531

0.0540

-0.0131

(0.13)

(0.13)

(0.11)

(-0.02)

r2

0.0760

0.0376

0.0565

0.00253

N

102

102

102

102

The table reports results from a regression of the quarterly time series of coefficients β (using ND+ consumption growth in
column 1 and 2, ND consumption growth in column 3, and Food consumption growth in column 4), in percent, on log-trend
deviations of aggregate disposable income (from the CEX, columns 1, 3 and 4, and from NIPA, column 2). Robust standard
errors are used, stars denote conventional significance levels:

∗

(p<.1), ∗∗ (p<.05), ∗∗∗ (p<.01).

the top quintile, relative to the bottom quintile. Given that classical measurement
in (log-) consumption levels introduces substantial acyclical measurement error in
consumption growth (as the measurement error in differences is twice that in levels
and we expect the fundamental dispersion of consumption growth rates to be small
relative to levels), this value is likely to underestimate the true cyclical increase in
consumption risk. At the same time, the cross-sectional dispersion of disposable
income growth is constant across the cycle in our data, in line with Guvenen et al.
(2014b)’s finding that income risk is acyclical. Together, this implies that the relative dispersion of consumption and income growth increases significantly in booms,
independently of the particular indicator of business cycles, as Table 3 shows.9
9

Table 3 looks at differences in percentile ratios, which are more robust to outliers in the quarterly micro-data. Results for differences in standard deviations are similar, and significant at the
1 percent level for the NIPA measure of disposable income and GDP as measures of the business
cycle, but not for CEX aggregate disposable income.
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Table 3: Relative dispersion in consumption and income growth and aggregate income
(1)
Relative dispersion
Disp Y (CEX)

(2)

(3)

Relative dispersion

Relative dispersion

∗∗

0.487

(2.52)
0.919∗∗

Disp Y (NIPA)

(2.59)
0.809∗∗∗

GDP

(3.16)
Constant

0.000833

0.00132

0.00123

(0.11)

(0.18)

(0.17)

r2

0.0548

0.0624

0.0953

N

102

102

102

The table reports results from a regression of the quarterly time series of the log-percentile ratio difference (the 90-10 log
percentile ratio of consumption growth (ND+ column 1 and 2, ND column 3) minus that of disposable income growth) on
deviations of logarithms of aggregate disposable income (from the CEX, column 1, and from NIPA, column 2) and of GDP
(column 3) from a linear trend. Robust standard errors are used, stars denote conventional significance levels:
(p<.05), ∗∗∗ (p<.01).
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∗

(p<.1),

∗∗

3

Cyclical consumption smoothing with exogenously incomplete markets

The previous section documented substantial cyclicality of consumption smoothing
and risk around their average values in CEX data. This gives rise to two questions:
what are the sources of these cyclical fluctuations? And how, if at all, do they affect the average level of insurance? To study these questions, this section looks at
a standard “self-insurance” (SI) environment where asset trade is exogenously restricted to a non-contingent bond, as in Huggett (1997), or to non-contingent claims
to capital, as in Krusell and Smith (1998).

3.1

The model environment

Consider an economy in discrete time (t = 0, 1, . . .) populated by a continuum of
agents of total mass one indexed by i ∈ [0, 1] who receive a stochastic amount
of a perishable consumption good as endowment income eit every period. AggreR1
gate income Yt = 0 eit di is confined to a finite set Y := {Y 1 , Y 2 , . . . , Y N } where
Y 1 < Y 2 < . . . < Y N with a time-homogeneous probability transition function P so
that
Prob[Yt+1 = Y k |Yt = Y j ] = Pjk
We assume that this defines an irreducible Markov chain. Let Πkt (j) denote the
probability that Yt = Y j given that Y0 = Y k . Let Y t = (Y0 , Y1 , . . . , Yt ) denote a
history of aggregate income shocks from 0 to t and let Yt denote the set of possible
such sequences.
Suppressing the subscript i from now on, we denote individual income shares as
et
yt = . They too are confined to a finite set y := {y 1 , y 2 , . . . , y n } with y 1 < y 2 < ... <
Yt
y n . We assume aggregate income transitions to be independent of realisations of yt
and thus of their distribution. Individual transition probabilities, in contrast, may
depend on aggregate income transitions, and are described by a time-homogeneous
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probability transition function p so that
Prob[yt+1 = y l |Yt+1 = Y k , Yt = Y j , yt = y i ] = pjk
il
Again, we assume that p defines an irreducible Markov chain.
Together, p and P define the joint probability transition function Qjk
lk = Prob[Yt+1 =
Y k , yt+1 = y l |Yt = Y j , yt = y i ] = pjk
il Pjk , with an associated unique stationary distribution. We confine our attention to transition functions pjk
il with the property
that, once the economy has reached that ergodic distribution, in period t, say, the
distribution of individual income shares y j conditional on aggregate income Y k , denoted π(j|k), is constant over time, such that π(j|k)t+s = π(j|k); s = 0, 1, 2, .... In other
words there is no transition in the conditional distribution of income shares, which
“jumps" between its stationary conditional distributions (that may vary, however,
across aggregate income states). Within this class of individual transitions, we look
at two special cases: we call “independent" individual transitions that are indepenmn
dent of aggregate income, implying pjk
≡ pil for any j, k, m, n ∈ {1, ..., N },
il = pil

implying that π(j|k) = π(j|l) ≡ π(j), ∀k, l ∈ {1, ..., N }, j ∈ {1, ..., n}. Second, we call
“iid" individual transitions that in addition are independent of individual income,
such that pil = pkl ≡ pl = π(l), ∀j ∈ {1, ..., n}.
Let y t = (y0 , y1 , . . . , yt ) denote a history of individual income shares from 0 to t and
let yt denote the set of possible such sequences.
Individuals rank random consumption sequences {ct }∞
t=0 according to
"∞
#
X
E0
δ t u(ct ) .
t=0

where δ is a common discount factor, Et denotes the mathematical expection conditional on time t information, and u is a strictly increasing, strictly concave and
twice continuously differentiable utility function.
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3.2

Market structure and competitive equilibrium

Individuals trade, in period t, non-contingent bonds at price qt . Individual bond
holdings bt are constrained by a borrowing limit B > 0, such that bt ≥ −B, ∀t.
Denote as π(y, b)t the cross sectional joint distribution of bond holdings and income
shares in period t and as Γ the transition function for this distribution conditional
on Yt and Yt+1 . For V the individual’s value function, and denoting next period’s
variables with primes, the individual problem is thus
V (b, y, π(y, b), Y ) = max
u(c) + δE [V (b0 , y 0 , π(y, b)0 , Y 0 )]
0
c,b

s.t. c + qb0 = b + y
π(y, b)0 = Γ(π(y, b), Y 0 , Y )
b ≥ −B

(2)

where individuals use the law of motion Γ to predict next period’s distribution
π(y, b)0 , which determines next period’s demand for bonds and thus their price q 0 .
We define a competitive equilibrium following Krusell and Smith (1998): A recursive
competitive equilibrium consists of an equilibrium law of motion Γ, a bond price
function q, individual decision rules c, b0 , such that the latter solve the individual’s
problem (2) given q and Γ, the bond market clears, and Γ is induced by the exogenous
transition function p and optimal savings behavior.

3.3

Analytical characterization of equilibrium

This section shows how in SI economies periods of low interest rates, low income
persistence, and high average resources are associated with a low sensitivity of
consumption to idiosyncratic income shocks. With acyclical income risk, this implies a countercyclical sensitivity of consumption to income changes in endowment
economies, where interest rates are countercyclical, in contrast to the procyclical
sensitivity in CEX data.
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3.3.1

Quadratic preferences: the role of interest rates and cyclical income
risk

Consider a simplified version of the SI environment without borrowing constraints
and without aggregate risk, populated by consumers with quadratic preferences
u(c) = c − 1θ c2 . Aggregate output equals Yt+s = Y , s = 1, 2, ... in all but the first
period, and individual incomes are iid, such that E[yit ] = 1 ∀i, t > 0. We study
how an aggregate, transitory shock in period t changes the response of individual
consumption to individual income shocks in that period. To capture the fact that
both market prices and idiosyncratic risk vary over the business cycle, the shock
has two effects: first, it raises current output by  such that Yt = Y + . And second,
it increases the probability that individual income remains unchanged next period
by p(y), not necessarily positive and potentially dependent on current income share
y, such that the expected income share is E[yit+1 ] = 1 + p(y)(yit − 1). As Appendix
IV shows, period t consumption shares are then characterized by


ρt p Y
2
r ρt +
r
1 + r Yt
c̃t − 1 =
· (yit − 1) +
· ãit
2
1 + ρt r
1 + ρ2t r

(3)

xt
1
, r = − 1 is the stationary net interest rate (the inverse of the bond
Yt
δ
1 + rt
price) and ρt =
is the relative current gross interest rate. The sensitivity of
1+r
consumption shares to individual income shocks (yit − 1) is thus increasing in the
where x̃t =

current interest rate (through its impact on ρt ), as higher interest rates increase the
weight of current income in permanent income. The sensitivity also increases when
aggregate shocks make individual incomes more persistent by raising p(y), thus,
again, increasing the impact of current income shocks on permanent income.10
This simple example highlights two sources of cyclical fluctuations in consumption
smoothing: the cyclicality of income risk, and that of interest rates. Equilibrium

(relative) interest rates equal ρt = 1 −
and are thus countercyclical (as mean
θ+y
10

Acharya and Dogra (2018) show a similar result in a heterogeneous-agent New Keynesian economy with CARA preferences.
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reversion implies higher expected output growth when current output is low). The
cyclicality of interest rates thus implies a countercyclical sensitivity of individual
consumption shares to income shares, contrary to the data. Sufficiently procyclical
income persistence, however, may still lead to procyclical sensitivity. The sensitivity of consumption shares to individual income shocks (yit − 1) is independent, in
contrast, of the current level (and thus the cross-sectional distribution) of assets
ait , and of the dispersion of future incomes (current or permanent). The next section shows how more general preferences, and constraints to intertemporal trade
in the form of borrowing limits, break this irrelevance-of-distributions feature of
quadratic utility.

3.3.2

General preferences and borrowing constraints

With convex marginal utility, or “prudence”, income uncertainty reduces consumption through precautionary savings, and more so at lower levels of wealth (where
risky incomes are a higher share of total wealth, and current asset holdings closer
to any borrowing limit, Kimball (1990)). In stationary SI environments with purely
transitory income shocks, a constant borrowing limit and constant relative risk
aversion, precautionary savings thus typically make consumption a concave function of current resources.11 An unanticipated change in income therefore affects
consumption more at lower levels of current resources, making the wealth and income distribution a crucial determinant of average consumption insurance. In particular, at a given interest rate, an increase in the dispersion of current wealth or
incomes deteriorates average insurance (as, by concavity, the higher sensitivity of
consumption to current resources of the poor is less than offset by a lower sensitivity
of the rich), while an increase in average wealth or incomes improves it. In general
equilibrium, Werning (2015) shows how the sensitivity of consumption to individual
11

Carroll and Kimball (1996) derive conditions on preferences (satisfied e.g. by constant relative
(CRRA) or absolute (CARA) risk aversion) for the consumption function to be concave when borrowing constraints never bind in finite horizon problems. With occasionally binding liquidity constraints
Carroll and Kimball (2001) show this for CARA and CRRA preferences, Nishiyama and Kato (2011)
for quadratic utility.
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income may nevertheless be independent of (deterministic movements in) aggregate income (and the coefficient β in (1) thus constant) when preferences have the
log-form and borrowing limits and idiosyncratic risk are exactly proportional to aggregate income. With constant borrowing limits, or less-than-proportional income
risk, in contrast, concave consumption functions are an additional reason why in SI
economies the sensitivity of individual consumption to income changes is lower in
booms. In endowment economies, this reinforces the effect of countercyclical interest rates, implying a (counterfactually) countercyclical sensitivity whenever income
risk is acyclical.

3.4

Quantitative Analysis

To see how the forces highlighted in the previous combine to determine business
cycle fluctuations in the degree of consumption smoothing, and how aggregate uncertainty affects average consumption smoothing in equlibrium, this section studies
the SI economy quantitatively.

3.4.1

Functional forms and benchmark parameter values

We consider utility that exhibits constant relative risk aversion (CRRA) with riskaversion parameter σ ≥ 1, such that
u(c) =

c1−σ − 1
1−σ

As a benchmark, we consider risk aversion slightly higher than implied by log preferences, and set σ = 1.5. We choose a value of the discount factor δ such that our
preferred measure of risk sharing, the regression coefficient β in (1), approximately
equals 6 percent, in line with the values observed in CEX data.
To transparently capture key features of the post-II war U.S. economy, we consider
an economy similar to Krusell and Smith (1998) that goes through times of high
and low aggregate output (which we label booms or “good" times, and “bad" times,
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respectively), and where individual uncertainty arises from unemployment risk. We
thus have N = n = 2, and Y ∈ {Y H , Y L }, y ∈ {y h , y l } where superscripts h, H and
l, L denote high and low individual endowment shares and aggregate endowments,
respectively. We define good and bad times in the data as those when U.S. GDP is,
respectively, above and below its log-linear trend. We choose transition probabilities
Pjk such that the Markov process matches the average length of bad times, and the
average time the economy spends there, in the data. Finally, we choose the ratio of
Y H and Y L to equal that of average levels of total factor productivity in good and
bad times. We specify idiosyncratic states y h , y l as corresponding to employment
and unemployment, respectively, with y l = 0.6 ∗ y h , to mimick a replacement rate
of 60 percent, approximately equal to the net replacement rates reported by the
OECD for the U.S. in recent times.12 We choose a Markov process for y such that
the job finding probability pJK
lh in the model equals that in U.S. data (between 1948
and 2012) in good and bad times, respectively, and set the separation rate pJK
hl such
that the unemployment rate in the ergodic distribution equals those observed on
average in good and bad times.
Row 1 of Table 4 reports the transition probabilities we identify for aggregate endowments from US GDP, and for individual endowment shares from US data and
job-finding rates calculated as in Shimer (2005). Good times are more persistent
than bad ones, such that the economy spends a little more than 70 percent of periods
in good times, where the aggregate endowment is 1.5 percent higher than its mean
(normalized to 1), implying aggregate endowments of 0.959 in bad times. Job-finding
rates are high, close to 80 percent per quarter, and procyclical. Separation rates are
countercyclical. This finding based on observed transitions in unemployment status is somewhat in contrast to the acyclical income risk we observe in CEX data. We
therefore also consider two alternative parameterizations: first, we denote as “independent” (row 2) a case where transition probabilities are identical in good and bad
times such that unemployment is constant at its average, observed value (equal to
5.8 percent). Second, we also consider a parameterisation that raises the potential
12

https://stats.oecd.org/Index.aspx?DataSetCode=NRR.
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Table 4: Benchmark parameter values
PHH

PLL

pHH
hl

pLL
hl

pHH
lh

pLL
lh

Countercycical risk

96

88

4.77

5.10

79.3

77.4

Independent

96

88

4.85

4.85

78.7

78.7

Procyclical persistence 96

88

4.75

4.95

77.2

80.3

The table reports job-finding and separation rates conditional on (staying in) good and bad times, in percent, as used in the
quantitative analysis below. See Appendix VII for the full transition matrix.

of SI economies to explain the procyclical sensitivity of individual consumption to
income changes in the data by strengthening the persistence of incomes, and thus
the link between current and permanent incomes, in booms. We label this case “procylical persistence”, where the persistence parameters pII
ii , i = h, l are two percent
higher (lower) in good (bad) times than their value with independent transitions,
LL
LL
HH 13
such that pHH
hh = pll > phh = pll .

3.4.2

Model solution

Solving for equilibrium allocations and prices is difficult SI economies because the
current joint distribution of individual income and bond holdings matters for “average” decisions that determine future prices and thus also matters for current individual decisions. Since that endogenous distribution is a highly dimensional object
we use an approximate solution concept, whereby agents only consider a small number of moments of the distribution to forecast prices, as in Krusell and Smith, 1998.
Specifically, agents forecast bond prices in both aggregate states in the future using
a linear law or motion conditional on the current cross-sectional variance of bond
holdings, the current aggregate state and the current bond price. These forecasts
are, as typical in these economies, extremely accurate.
13

Note that the remaining transition probabilities are pinned down by the assumption that unemployment is constant within good and bad times, as in Krusell and Smith (1998).
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Table 5: Sensitivity parameters β (in percent) in the bond economy
β

βY L

βY H

Stationary

5.964

Constant r

5.119

5.609

4.676

Independent

9.288

10.114

8.945

Procyclical persistence

9.341

9.893

9.101

Countercyclical risk

9.346

10.439

8.899

The table reports, for the bond economy, the regression coefficient β in (1) (in percent, column 1), as well as in times of
low and high aggregate endowments (βY L and βY H , columns 2 and 3 respectively). The coefficients are calculated in the
stationary economy without aggregate fluctuations (row 1), an economy with aggregate fluctuations in endowments and
acyclical unemployment risk at an exogenous interest rate equal to the equilibrium rate in the stationary economy (row 2);
and general equilibrium economies with aggregate fluctuations in endowments and acyclical unemployment risk (row 3),
procyclical income persistence (row 4), and countercyclical income risk (row 5). To be consistent with CEX data, consumption
and income growth are calculated as 4-quarter changes in quarterly consumption and in (backward-looking) annual incomes.

3.4.3

Results for the bond economy

Table 5 reports key features of the benchmark bond economy, when we set σ to its
benchmark value of 1.5, and choose a borrowing limit B equal to twice average quarterly income. With a discount factor δ = 0.9945 this implies an insurance coefficient
β in the stationary economy (without fluctuations in aggregate endowments or income risk) approximately equal to 6 percent, in line with values observed in CEX
data. Table 5 reports the regression coefficient β on average (column 1), as well as
those observed in good and bad times (β Y H and β Y L in columns 3 and 2, respectively),
for 5 versions of the bond economy, keeping the discount factor δ unchanged. When
aggregate endowments fluctuate, but income risk is acyclical and the interest rate
kept constant at its equilibrium level in the stationary economy (row 2), the sensitivity of consumption to income shocks β falls by about 15 percent on average, as
the addition of aggregate risk makes consumers accumulate a small positive stock
of bonds on average that serves as an additional buffer also against idiosyncratic
shocks. Importantly, even in this partial equilibrium of the bond economy, insurance is procyclical (β Y H < β Y L ), due to the concavity of the consumption function at
given interest rates: as higher incomes in good times move consumers away from
21

their borrowing constraint, consumption becomes less sensitive to income shocks.
Insurance is substantially lower in the general equilibrium bond economy with aggregate fluctuations (rows 3 and 4 of Table 5) than with constant interest rates:
the sensitivity of consumption to income changes β is about a third higher. Importantly, the procyclicality of insurance is strengthened further. This is because
mean reversion in aggregate endowments raises expected income growth in bad
times, making equilibrium interest rates countercyclical and raising the sensitivity of consumption to income shocks in bad times in line with (3). With cyclical
income risk (rows 4 and 5), average consumption smoothing deteriorates further
slightly. Even with substantial procyclical persistence (row 4), implying a stronger
effect of current idiosyncratic shocks on permanent incomes in booms, consumption
remains less sensitive to income when output is high. And when we account for the
countercyclical unemployment risk (row 5) observed in US employment data, the
sensitivity is even more countercyclical (as individuals who loose their job in bad
times expect unemployment to last longer and thus reduce consumption by more).
Figure 2 presents a time series of the coefficient β and the standard deviation of consumption growth from a simulation of the general equilibrium bond economy with
independent transitions. The variance of both moments is dominated by differences
between good and bad times (noting the time-lag implied by the CEX-consistent 4quarter growth rates and the annual nature of output in (1)), with little history dependence within aggregate states. Both moments show spikes when the aggregate
state changes, however, as consumption levels adjust discretely to the new aggregate state (and thus increase the standard deviation of consumption growth), and
asset-poor unemployed moving to employment dominate the covariance of income
and consumption growth, which boosts (reduces) the regression coefficient when
aggregate income growth is positive (negative).
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Figure 2: Dynamics of consumption insurance in the bond economy
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The figure shows time series of the regression coefficient β (in percent, right-hand axis) in (1) and the cross-sectional standard
deviation of consumption growth (in percent, left-hand axis) in simulations of the bond economy of Section 3.4.3. To be
consistent with CEX data, consumption and income growth are calculated as 4-quarter changes in quarterly consumption
and in (backward-looking) annual incomes.

3.4.4

A Krusell and Smith (1998) economy

Both the countercyclical nature of interest rates and the strong effect of additional
risk on average insurance in the bond economy are likely to hinge on the inability
of individuals to accumulate assets on average. The remainder of this section thus
looks at a version of our economy where consumers can build a buffer to income fluctuations by accumulating (a non-negative amount of) productive capital that is an
input to a standard neoclassical production function and earns a competitive rate
of return rt , as in Krusell and Smith (1998). Specifically, we choose an aggregate
production function of the Cobb-Douglas form, with capital share α = 0.36, and a
linear depreciation rate of 2.5 percent per quarter. Aggregate fluctuations in total factor productivity are such that (in the case of independent idiosyncratic risk,
implying a constant unemployment rate) output fluctuations equal the endowment
fluctuations in the bond economy (in turn chosen to capture fluctuations in total fac23

Table 6: Sensitivity parameters β (in percent) in a Krusell and Smith (1998) economy
β

βY L

βY H

Stationary

6.008

Independent

6.004

6.093

5.963

Proc persistence

6.028

6.019

6.032

Counterc risk

5.999

6.201

5.905

For the economy with capital and Cobb-Douglas production, the table reports the cross-sectional regression coefficient β,
in percent, on average (column 1), as well as in times of lower- (βY L , column 2) and higher-than-average output (βY H ,
column 3) without fluctations (row 1), with idiosyncratic risk independent of aggregate fluctuations (row 2), with procyclical
persistence (row 3), and with countercyclical unemployment risk (row 4). To be consistent with CEX data, consumption and
income growth are calculated as 4-quarter changes in quarterly consumption and in (backward-looking) annual incomes.

tor productivity in the US economy across good and bad times). Employed agents
earn the equilibrium wage paid by competitive firms wt , and pay taxes to finance
a balanced-budget unemployment insurance scheme that finances benefits for the
unemployed with an unchanged replacement rate of 60 percent. Transition probabilities are unchanged with respect to the bond economy. Appendix VII describes
the environment in more detail.
Table 6 reports the regression coefficients β for a discount factor δ equal to 0.9656,
which, again, implies a value of β in the stationary economy approximately equal to
6 percent. Note that this implies a quarterly capital-output ratio of approximately
6, lower than typical values for advanced economies, but implying that individuals
hold substantial assets on average. The message of the table is simple: relative to
the bond economy, the effect of aggregate fluctuations on consumption smoothing
is strongly reduced by the possibility to accumulate productive assets as a buffer
against income fluctuations. The sensitivity of individual consumption to idiosyncratic income changes β is mildly countercyclical (β Y H < β Y L , in contrast to CEX
data), apart from the case of procyclical persistence (row 3), where the stronger effect of current income on permanent income in good times counteracts the effect of
stronger insurance due to higher resources there, leaving the sensitivity β acyclical.
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Importantly, the negative effect of aggregate risk on average consumption smoothing in the bond economy is completely absent in this economy with capital.
The smaller effect of aggregate fluctuations in the economy with capital has two
origins: first, the availability of aggregate assets allows consumers to avoid, most
of the time, the low asset levels where consumption responds strongly to income
changes and the consumption function has substantial curvature. When most consumers are located in the range of asset holdings where the consumption function
is (approximately) linear, however, movements in the mean and dispersion of the
asset distribution caused by aggregate fluctuations in productivity have much less
effect on average insurance. Second, although high rates of return on capital implied by a low discount factor increase the average effect of current income shocks
on permanent income, this effect is approximately constant across the business cycle. This is because the two separate sources of fluctuations in the marginal return
to capital (aggregate TFP shocks and fluctuations in the stock of aggregate capital)
imply, approximately, acyclical rates of return.
Figure 3 shows that the degree of insurance in the economy with capital is, in fact,
mildly more variable than suggested by Table 6. More than with output and productivity, however, variations in insurance are correlated with fluctuations in the
capital stock. In particular, the sensitivity coefficient β and the dispersion of growth
rates fall when the capital stock, and thus the the average buffer against idiosyncratic shocks, rises.
One caveat to the results in this subsection is that our parameterization, without
any other sources of heterogeneity than that implied by heterogeneous histories of
idiosyncratic income shocks, implies wealth holdings that are more concentrated
than in US data. In particular, the wealth distribution that underlies the results
in Table 6 has too few individuals at low asset levels, where consumption reacts
strongly to income changes.14 The results may thus understate the cyclical fluctuations in insurance. This is partly intentional: we think that the two parameterisa14

See, e.g., Krueger et al. (2016) for a discussion of this feature of Krusell and Smith (1998)-type
economies and extensions that imply a more realistic wealth distribution
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Figure 3: Dynamics of consumption insurance in a Krusell and Smith (1998) economy

The figure shows time series of the regression coefficient β (in percent, right-hand axis) in (1) and the cross-sectional standard deviation of consumption growth (in percent, left-hand axis) as well as the capital stock (divided by 20 to fit on the
left-hand axis) in simulations of the economy with capital of Section 3.4.4, with independent individual transitions. To be
consistent with CEX data, consumption and income growth are calculated as 4-quarter changes in quarterly consumption
and in (backward-looking) annual incomes.

tions, of a bond economy without net assets on the one hand, and an economy where
all agents use productive assets as a buffer against income shocks on the other, span
the possible range of outcomes in incomplete markets models, and thus provide a
robust prediction of procyclical consumption smoothing. In fact, we would expect additional sources of heterogeneity, such as in discount factors or along the life-cycle,
to increase the counterfactual cyclical features of the incomplete markets model by
raising the mass of individuals at low assets. Table 8 in Appendix V provides support for this conjecture, by depicting the sensitivity parameter β in an economy with
capital and production that is identical to our benchmark in this section, but where
10 percent of individuals have a lower discount factor δ 0 = δ − 0.002. With δ = 0.98,
this yields an average coefficient β similar to the benchmark parameterisation in
this section, but increases the mean capital (by about 50 percent in the stationary
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economy) as well as its variance (almost exactly three-fold), and strongly widens the
left-hand-tail of capital holdings (the 5th percentile, equal to about 1.5 times average wages in the stationary benchmark economy, falls by approximately 40 percent).
In line with our intuition, the sensitivity of individual consumption to idiosyncratic
income changes in Table 8 is substantially more countercyclical (β Y H < βY L ) in all
versions of that model than that with homogeneous discount factors in Table 6.

4

Cyclical consumption insurance with endogenous financial
frictions

According to the previous section, standard incomplete markets models of consumption smoothing predict consumption to be less sensitive to income changes in booms,
in contrast to the procyclical sensitivity in CEX data documented in Section 2. In
the analysis, both the degree of market incompleteness and borrowing limits were
exogenous and thus acyclical. The strong effect of a positive asset supply on the degree and cyclicality of consumption-sensitivity, however, as well as Werning (2015)’s
result of a constant sensitivity with proportional borrowing limits, suggest that fluctuations in financial constraints might be an important determinant of cyclical fluctuations in consumption smoothing, and thus a potential explanation of our stylised
facts in CEX data. In this section, we therefore look at an (“LC”) environment without any exogenous restrictions to financial contracts, but with endogenous financial
frictions due to participation constraints that arise from limited contract enforcement.15
Relative to stationary LC economies, whose properties are well-understood
(Krueger and Perri (2011), or Broer (2013)), the introduction of aggregate risk affects equilibrium insurance contracts in two ways: first, the relative costs and bene15

Even with exogenous market incompleteness financial frictions can be made responsive to business cycles by allowing individuals to default on their debt, thus endogenising a riskless borrowing
limit B (as the maximum that consumers would always pay back) or individual interest rates rt (to
account for probabilities of default). Although both approaches tend to imply a small amount of borrowing, thus limiting any effect of cyclical fluctuations in borrowing conditions on the equilibrium,
they are interesting in their own right.
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fits of any given transfer policy may differ between periods of high and low aggregate
income. And second, because idiosyncratic risk is itself cyclical, the expected likelihood of making or receiving such transfers in the future also changes. Since both
effects change the tightness of participation constraints, the effect of aggregate economic fluctuations on consumption smoothing in LC economies is fundamentally
different from that in SI economies. In particular, since insurance is more valuable
in times of low output, and high unemployment risk, and the outside option of financial autarky less attractive then, we would expect participation constraints to
loosen in bad times. This could explain the finding of countercyclical insurance in
CEX data.

4.1

Market Structure and Competitive Equilibrium

Consider an economy that shares the physical environment of the SI economy of
section 3, including the structure of uncertainty and preferences, but where individuals can trade a complete set of state-contigent contracts that, however, are only
enforced by the threat of exclusion from financial trade.
We choose a formulation of insurance where each individual signs a contract with
an insurance provider. At the beginning of each period, individual income shares
and aggregate income are revealed and individuals decide whether to honour their
insurance contract or whether to move permanently into autarky, where ct = yt · Yt .
The discounted utility associated with autarky is denoted by V (yt , Yt ), i.e.
" ∞
#
X
s
V (yt , Yt ) = E
δ u(yt+s Yt+s ) yt , Yt .
s=0

To ensure that individuals stay in their insurance contract, we must have
" ∞
#
X
E
δ s u(ct+s ) yt , Yt ≥ V (yt , Yt )

(4)

s=0

for all t = 0, 1, . . .
There is a large number of insurance providers who offer, at time t = 0, mutually
agreeable insurance contracts to individuals. An insurance contract is a transfer
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program τ = {τt (y t , Y t )}∞
t=0 , where
τt : Yt × yt → R.
This sequence of transfer functions defines individual consumption according to
ct = y t · Y t + τ t .
Insurance providers evaluate a transfer policy τ according to the profit function
"∞
#
X
Py0 ,Y0 (τ ) = −E
qt (Y t )τt (y t , Y t ) .
(5)
t=0

where qt (Y t ) are the intertemporal/state prices of consumption, noting that the law
of large numbers ensures that there is no uncertainty about the distribution of
individual income shares in any period t. Insurance providers are constrained to
deliver a given expected utility V0 (i) to any individual i in period 0, where from now
on we suppress the dependence on i.
The profit maximization problem of an insurance provider is to choose, for each individual it offers a contract to, a transfer policy τ that, given prices q := {qt (Y t )}∞
t=0 ,
maximizes (5) subject to (4) and
" ∞
#
X
E
δ s u(cit ) y0 , Y0 = V0 .
t=0

Notice that insurance providers are irrevocably committed to a contract once it is
signed, but that consumers can renege at any time and move into autarky, as described above.
Finally, define a sequence of “interest rates” via
Rt =

qt
qt−1

.

We assume that asset trade starts in t = 0 after endowments are realized. A simple
arbitrage argument implies that Rt may depend on the history of aggregate shocks
Y t and the initial income distribution of agents in period 0 π0j , but not on idiosyncratic income histories between 0 and t.
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We define a competitive equilibrium for a given assignment of initial promised utilities V0 as a stochastic process q, an assignment of transfer policies τ for all individuals i as a function of idiosyncratic and aggregate shocks such that
1. The transfer policy solves the insurance provider’s problem given V0 and q
2. Markets clear, i.e.
Z

1

τt (i)di = 0
0

for all t = 0, 1, . . . and all possible histories.

4.2

Analytical equilibrium characterization

Because insurance is more valuable in utility terms at low average levels of consumption, and the outside option of high income agents deteriorates when separation rates rise, we would expect participation constraints to loosen, and consumption to be less sensitive to income shocks, in bad times, in line with our findings in
CEX data. The analytical results in this section qualify this intuition: with acyclical
idiosyncratic risk, consumption insurance is acyclical with log-preferences, and, under some additional conditions, procyclical with relative risk aversion larger than
1. But we identify conditions such that, with cyclical individual risk, individual
consumption is more sensitive to idiosyncratic income shocks in booms.
We concentrate on equilibria with imperfect risk sharing, i.e. where at least one
participation constraint binds every period. Consumption is characterized by an
income-dependent (and generally time-varying) value ct = cjt for constrained individuals that is independent of their individual histories, and by a standard Euler
Equation for unconstrained individuals, which can be written in terms of consumption shares as
c̃t =
et = Rt
where R



Yt
Yt+1

σ

ct
et )− σ1 c̃t−1
= (δ R
Yt

(6)

. Denote the measure of consumption shares πtc : B([0, y n ]) −→
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[0, 1] where B denotes the Borel algebra (and where we exploit that c̃t ≤ y n in any
equilibrium).
Call “stationary” an equilibrium in the economy without aggregate fluctuations
(such that Y 1 = Y 2 = ... = Y N = 1) where the distribution of consumption shares
(equal to consumption levels by the normalization of aggregate income) is constant
over time, and denote the consumption share of individuals who are constrained
at income y j as c̃j . Denote π c (c̃) : R+ −→ [0, 1] the discrete stationary distribution of consumption shares in this equilibrium, Vj the autarky value at income y j ,
j = 1, .., n, and R the constant equilibrium interest rate. It is easy to see that with
partial risk sharing and two income states (n = 2), such that y ∈ {y h , y l } with
yh > yl , all h, or “high", types are constrained at a constant level ch . The mass of
low-income agents declines geometrically at rate pll on a consumption support given
by (6) starting from ch , with a lower bound equal to cl = y l .16

4.2.1

Independence with logarithmic preferences

This section provides a benchmark “separability” result for the LC environment
with any number of income states N, n: with log-preference and acyclical, multipicative income risk, aggregate fluctuations and idiosyncratic risk are independent. This is similar to Werning (2015)’s result for SI economies, but also holds for
stochastic aggregate fluctuations.
Result 1: With logarithmic preferences (u(ct ) = ln(ct )), there exists an equilibrium
where the state-contingent interest rate equals
Rt = R

Yt
Yt−1

(7)

and the distribution of consumption shares is the same as in the stationary distribution, such that (with a slight abuse of notation)
πtc (c̃) = π c (c̃).
16

See Krueger and Perri (2011) or Broer (2013) for a detailed characterization of the stationary
joint distribution of consumption and income.
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Proof
Let c̃t+s denote the state-contingent sequence of consumption shares implied by R
starting from any consumption share in the stationary distribution. To see how
this sequence solves participation constraints in the economy with aggregate fluctuations with equality, note that
E

∞
X

s

δ ln(ct+s ) = E

s=0

≥ V (yt ) + E

∞
X
s=0
∞
X

δ s [ln(c̃t+s ) + ln(Yt+s )]
δ s ln(Yt+s ) = V (yt · Yt )

(8)

s=0

where the inequality follows from the fact that c̃t+s satisfies the participation constraints in the economy without aggregate fluctuations. Moreover, c̃t+s also solves
the optimality condition (6) of unconstrained agents at the prices Rt given by (7).
Finally, by the definition of consumption shares in the stationary equilibrium, they
sum to 1 and thus imply market-clearing in the economy with aggregate fluctuations.

4.2.2

CRRA preferences

In the empirically relevant case of risk aversion σ larger than 1 and cyclical income
risk, it is typically impossible to characterize the time-varying joint distribution of
incomes (aggregate and idiosyncratic) and consumption analytically. The remainder of this section, however, provides some benchmark results for the case of 2 aggregate and idiosyncratic states (N = n = 2). We denote aggregate endowments
as Y H = 1 + , Y L = 1 − , and endowment shares as y h , y l . The probabilities of remaining in the same aggregate state are equal, denoted PHH = PLL = P , implying
that average aggregate income is 1 and  a measure of aggregate income fluctuations. We assume non-negative (but potentially state-dependent) serial correlation
1
in idiosyncratic incomes (pIJ
hh , p; IJll ≥ 2 , for I, J ∈ {H, L}. An intuitive, tractable

measure of state-dependent insurance is the average transfer made by h agents in
aggregate state I as a share of total aggregate income, denoted by θI = E[y h − c̃ht ], for
I = H, L. Finally, we define a measure of insurance in good relative to bad times by
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∆θ = θH − θL . We talk of “procyclical” insurance whenever this measure is positive.
Note that the procyclical sensitivity of individual consumption to income changes
observed in CEX data implies countercyclical insurance.
Procyclical insurance with independent transitions
This section shows how, when idiosyncratic risk is acyclical and aggregate risk iid,
the introduction of small aggregate endowment fluctuations tightens participation
constraints more in bad times of low average income and consumption, when current insurance transfers paid by high income agents are more costly in utility terms.
Under the, somewhat restrictive, condition of independent aggregate and idiosyncratic transitions, the LC economy thus cannot replicate the countercyclical insurance / procyclical sensitivity of consumption to income changes observed in CEX
data.
Assume that aggregate and individual transitions are independent across aggregate states, implying pIii = pJjj , i, j = h, l, and P = 12 . Consider an allocation that
simply scales the stationary allocation by aggregate income, such that individual
consumption shares take the same values, and follow the same transitions, as in the
stationary equilibrium. Denote the difference between the resulting autarky and
contract values at high individual income as ∆I = V I (yh ) − U I (e
ch ), I = H, L, where
e
ch is the constant consumption share of high-income agents in the stationary distribution. Define ∆ = ∆H − ∆L . Finally, note that, without aggregate fluctuations
( = 0), the proposed allocation is trivially an equilibrium at the stationary interest
rate R, implying ∆I = 0, I = H, L.
Lemma 1: With independent transitions, as  rises from 0, participation constraints of high types tighten more at low aggregate income.
Proof :
δ
δ∆
k=0 = k=0
δ
δ

"

#

yh1−σ − ch1−σ [(1 + )1−σ − (1 − )1−σ ]
1−σ

= 2 yh1−σ − ch1−σ < 0
⇔
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δ∆L
δ∆H
k=0 >
k=0
δ
δ

(9)
(10)
(11)

where the first equality exploits the assumption that aggregate incomes are iid, so
expected continuation utilities in autarky and with stationary consumption shares
are independent of current aggregate income (and therefore cancel in the difference). The inequality then follows from the declining power function.
Result 2: With independent transitions, insurance is procyclical at low levels of .
Proof : Write e
chI = 1 + eI , I = H, L and totally differentiate ∆I to get
deI
k,e=0 =
d
Note that

δ∆H
k
δeI ,e=0

=

δ∆L
k
.
δeI ,e=0

δ∆I
k
δ ,e=0
δ∆I
k
δeI ,e=0

(12)

Together with (11), this implies that the differ-

ence in insurance transfers between H and L states increases with : δ∆θ
k
=
δ ,e=0
h L
i
H
de
− ded k,e=0 > 0. So insurance transfers turn procyclical as aggregate fluctuad
tions rise from 0. By continuity they are also procylical for sufficiently small  > 0.

Countercyclical insurance with procyclical outside options
This section shows how, when individual income risk is not independent of aggregate fluctuations but such that incentive constraints tighten in good times, the
model predicts countercyclical insurance, in line with the data, as long as aggregate endowments are sufficiently persistent.
Result 3: When individual transition probabilities are such that participation constraints are more binding at high aggregate income with full persistence (P = 1),
there is a value ν such that insurance is countercylical whenever P > 1 − ν.
Proof : Consider a version of the economy where aggregate incomes are fully perHH
LL
sistent (P = 1). Consider two pairs of values pHH
and pLL
hh , pll
hh , pll such that the

consumption share of high types is higher in booms. By the assumption that an
equilibrium with partial insurance exists, and by the fact that transition probabilities change autarky values, such pairs exist. Now consider a small dν > 0 that
introduces transitions between H and L states. Since contract values and autarky
values are continuuous in ν at ν = 0, the result follows.
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One example where the result holds is when income risk is symmetric and persisHH
LL
LL
tence procyclical, such that pHH
hh = pll > phh = pll . Intuition suggests it may also

hold when income risk is countercyclical: lower risk in booms could then reduce
the value of insurance to tighten participation constraints and lower insurance. We
discuss these possibilities in the context of the quantitative analysis below.
Aggregate risk and the degree of insurance
Two forces act to decrease average insurance in LC economies with aggregate income flutuations. The first follows from Result 2: transfers are smaller at low aggregate income as participation constraints tighten in bad times. The second force
simply stems from history dependence in consumption shares: tighter participation
constraints in bad times raise high-type consumption shares immediately. Looser
participation constraints in good times, in contrast, increase transfers only slowly,
as inherited relative consumption shares are unchanged among unconstrained individuals according to (6). In the general case of a time-varying joint distribution of
(aggregate and individual) consumption and income, the effect of these forces is difficult to show analytically. The following two examples, however, consider benchmark
cases where participation constraints of high types hold with equality, respectively,
at perfect insurance and in autarky in the stationary economy.
Example 1: Consider a case of independent aggregate transitions, (P = 12 ), and
preference parameters and individual transition probabilities such that the participation constraint of high types holds with equality at equal consumption shares in
the stationary economy (c̃i = 1, ∀i). In this case, increasing aggregate uncertainty
from 0 (d > 0) reduces insurance.
Proof : Since participation constraints initially hold with equality at perfect insurance, but tighten in the low aggregate state when  rises (Lemma 1), perfect
insurance violates participation constraints as  rises above 0.
Example 2: Consider a case of independent aggregate transitions, (P = 12 ), and
preference parameters and individual transition probabilities such that the participation constraint of high types holds with equality in autarky (c̃i = y i , ∀i). In this
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case, increasing aggregate uncertainty from 0 (d > 0) increases insurance.
Proof : Since participation constraints initially hold with equality in autarky, but
loosen in the high aggregate state when  rises (Lemma 1), intermediaries can offer
insurance to high types as  rises above 0.

4.3

Quantitative analysis

The results in the previous section highlight the different forces that affect the cyclicality, and the average level, of consumption insurance in LC economies. In the empirically relevant case where both aggregate endowments and idiosyncratic income
risk are cyclical and insurance is partial, however, it is impossible to characterise
the resulting cyclicality analytically. The rest of this section therefore studies the
LC economy quantitatively.

4.3.1

Model solution

In LC economies, neither a state space reduction of the type we used in the previous
section, following Krusell and Smith (1998), nor linearization techniques (Boppart
et al., 2018, Reiter, 2009) are feasible. To see this, note that linearization is based
on a stationary consumption distribution associated with a version of the economy
without aggregate fluctuations. In our limited commitment economy, however, the
equilibrium degree of consumption risk sharing is a highly non-linear function of
aggregate shocks. In fact, in line with Result 2, it is easy to construct examples
(of the type of example 1) where insurance is perfect in the absence of aggregate
fluctuations, but limited when the latter are sufficiently large. In this case, there
is no unique distribution that a linearization approach could be based on.
Similarly, state space reduction techniques are difficult to apply by the fact that,
even in the two-type economy, market-clearing state prices of consumption depend
on the time-varying mass of constrained agents (whose consumption is, for given
future prices, unaffected by a change in current prices, such that the higher their
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mass, the more need current state prices vary to clear markets). Forecasting future
interest rates (that determine future consumption and thus current contract values via (6)) thus requires forecasts of the mass of constrained agents. That mass,
however, depends on the mass of agents that become constrained every period, and
thus on the entire current consumption distribution of unconstrained agents.
In Appendix II we show how the quasi-analytical characterization of the consumption distribution in the stationary version of the model (Krueger and Perri, 2011,
Broer, 2013) can be used to solve its version with aggregate fluctuations. Specifically, we show that, in the economy with N = n = 2, as long as the mass of agents
constrained at low income is negligible (which we check in all our computations),
there exists an equilibrium that is characterised by values of interest rates and
high-type consumption that are history-independent, in the sense that they only
depend on the current and, in the case of interest rates, previous, aggregate state.
The consumption distribution of unconstrained agents, in contrast, has full historydependence, as it depends on the sequence of realised interest rates, and thus aggregate shocks, in preceding periods through (6).

4.3.2

Results

This section reports results from simulations of the LC economy, assuming, as in
Section 3.4.3, a constant relative risk aversion equal to 1.5, and using the process
for aggregate endowments, as well as the three processes for individual endowment
shares with acyclical or independent transitions, with procyclical persistence, and
countercyclical risk from Table 4. Table 7 reports the regression coefficient β for
different parameterisations of the LC economy. Again, we choose the discount factor δ such that the average sensitivity of consumption to income changes in the
stationary economy (without aggregate fluctuations, row 1) approximately equals 6
percent, in line with the values observed in CEX data. As known from the analysis
of stationary LC environments, the resulting value of about 0.72 is substantially
lower than those in the SI economy. Row 2 to 4 illustrate the theoretical results
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Table 7: Cyclical consumption insurance in a simple limited-commitment economy
β

βL

βH

Stationary

5.97

Proc persistence, Y H = Y L

6.55

4.95

7.18

Counterc risk, Y H = Y L

6.05

8.62

5.04

Independent

5.97

6.91

5.60

Proc persistence

6.53

5.86

6.80

Countercyclical risk

6.05

9.60

4.65

The table reports the regression coefficient β in (1) in simulations of different versions of the LC economy on average (column
1), as well as in times of low and high aggregate productivity (βY L and βY H , columns 2 and 3, respectively). To be consistent with CEX data, consumption and income growth are calculated as 4-quarter changes in quarterly consumption and in
(backward-looking) annual incomes.

in Section 4.2.2 by introducing cyclical income risk in the stationary LC economy
without aggregate endowment fluctuations (thus maintaining Y H = Y L = 1). In
L
H
L
line with Result 3, with procylical income persistence (pH
ll > pll , phh > phh , in row

2), participation constraints bind more in good times, thus implying a procyclical
sensitivity of consumption to income shocks (β Y H > β Y L ), as in CEX data.17 At the
high level of consumption risk sharing found in CEX data, however, our preferred
parameterisation of unemployment risk, with countercyclical probabilities of unemL
H
YH
ployment (pLll > pH
< β Y L ).
ll , phl > phl , row 3), implies countercyclical sensitivity (β

This result is, however, not general: with lower or less cyclical job-finding rates, the
LC economy with countercyclical risk is consistent also with a procyclical sensitivity of consumption to income changes (although the differences between β Y H > β Y L
are typically small in magnitude).18 Importantly, as suggested by example 1, at the
high level of insurance implied by CEX data, cyclical transition probabilities reduce
the average level, particularly with procyclical persistence.
Row 4 of Table 7 adds the benchmark structure of aggregate endowment fluctua17

The magnitude of the implied coefficient in a regression of β on log-deviations of aggregate endowments from their mean is with 39.5 close to those found in Table 2. But since the procyclical
persistence parameters are only illustrative, we do not emphasize this result.
18
Quantitative examples are available from the authors.
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tions to the stationary economy, maintaining acyclical individual transitions. As
proven in Result 2 for small aggregate fluctuations, this results in a countercyclical sensitivity of consumption to individual income shocks. Although this effect is
strong, it does not suffice to overturn the procyclical sensitivity of consumption to
income changes implied by procyclical income persistence. The cyclical variation
with procyclical persistence and aggregate endowment fluctuations (row 6) is thus
again in line with CEX data, if only about half that with constant aggregate endowments. Finally, row 7 of Table 7 reports results for the economy with aggregate
fluctuation and the benchmark structure of cyclical income risk: both effects add up
to make consumption respond substantially more to income shocks in bad times, in
contrast to CEX data.
An important feature of LC economies is typically a pronounced asymmetry between consumption responses to income increases (which tighten participation constraints and thus increase consumption) and decreases (which are largely insured,
see Broer (2013)). In our quantitative version of the LC economy, this asymmetry
is not actually very pronounced, with an average consumption response to income
declines of 5.5 percent, compared to 7 percent for income rises (in our preferred
parameterisation with countecyclical risk). This is because high job-finding rates
make unemployment duration of more than one quarter unlikely, thus limiting the
asymmetry implied by large responses of consumption of the long-term unemployed
that find jobs.
Compared to the SI models in section 3, cyclical fluctuations in aggregate income
and idiosyncratic risks thus cause substantially stronger fluctuations in the sensitivity of consumption to idiosyncratic shocks when financial frictions are endogenous, and thus cyclical themselves. Infact, with procyclical income persistence,
consumption is more sensitive to income changes in booms, qualitatively in line
with the key facts we document for CEX data. Because transfers are more costly in
marginal utility terms during bad times of low aggregate incomes, the LC model
tends to predict a countercyclical sensitivity, however. This is particularly true
when accounting for the slightly countercyclical unemployment risk we find in U.S.
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data. Overall, accounting for the cylicality of aggregate endowments and idiosyncratic risks reduces the average level of risk sharing (by slightly less than 10 percent
with procyclical persistence), while risk sharing is unchanged with independent
transition.

5

Conclusion

In this paper, we have studied how cycles in aggregate economic activity determine
the ability of households to smooth consumption in the face of idiosyncratic shocks
to their incomes. We first showed that in data from the US consumer expenditure
survey (CEX), household consumption reacts more strongly to individual income
changes in booms. This contrasts with the predictions from standard incomplete
markets models of consumption smoothing where consumption reacts less to income changes in booms. We also showed how the magnitude of this effect strongly
depends on the cyclicality of interest rates and income risk, and particularly on
the net asset supply that determines the average distance of household assets from
their borrowing limit. The counterfactual prediction by the standard model motivated us to study the cyclicality of consumption insurance in an alternative environment without exogenous restrictions to asset trade, but with endogenous, and
therefore potentially cyclical, financial frictions arising from limited contract enforcement. We showed that fluctuations in consumption risk sharing there tend to
be larger than with exogenously incomplete markets, and that the sensitivity of consumption to income changes may indeed be higher in booms, although we did not
find this to be true in a parameterization where unemployment risk was similarly
countercyclical as in US employment data. Importantly, while the average sensitivity of consumption to income changes in the SI economy with capital was not much
affected by aggregate fluctuations, relative to stationary economies, it increased
strongly in the bond economy, and by a small amount in the LC environment with
cyclical unemployment risk.
These results point towards the importance of endogenous financial frictions for con40

sumption smoothing. Our analysis of an environment with endogenous constraints
to risk sharing was intentionally simple: first, we abstracted from capital investment. Future research should therefore generalize our solution method to account
for additional endogenous state variables.19 Second, the simple model we studied
attributed financial constraints to only one friction: limited contract enforcement.
This was because, a priori, we would expect other frictions, such as limited information about household incomes or effort levels as in Broer et al. (2017), to be less
cyclical. It would nevertheless be interesting to investigate alternative environments with endogenous frictions. For example, it would be interesting to contrast
the predictions from our model to one where borrowing conditions are endogenous
under the maintained assumption of incomplete markets, for example because consumers can default on their debt and aggregate conditions change their incentives
to do so, and thus the interest rates at which they can borrow. Although debt levels
are often found to be small in such environments, the results in Chatterjee et al.
(2007) and Auclert and Mitman (2018) suggest that the interaction between aggregate economic conditions and individual default decisions may be important. More
generally, it would be interesting to compare the cyclical properties of the joint distribution of consumption and income growth, of which the sensitivity parameter β
is just one moment, across countries with different institutions governing consumer
finances, such as bankruptcy regulation, the possibility to collateralize consumer
borrowing through mortgage equity withdrawal, etc.
Our results showed how, in the SI economy, the cyclical behavior of interest rates,
and the cross-sectional distribution of assets, were critical for the response of consumption to income shocks in booms vs recessions. Our analysis was simple in both
dimensions. In future research it would be interesting to consider other aggregate
shocks (to demand, or policies), consider nominal rigidities (that make interest rates
countercyclical in response to demand or fiscal shocks if they follow standard Taylor rules), and add model elements that have been found important to explain the
observed wealth distribution in the US economy (such as life-cycle motives for sav19

See Krueger and Perri (2006) or Ábrahám and Cárceles-Poveda (2010) for the analysis of stationary LC economies with capital.
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ing and heterogeneity in returns, as discussed, e.g., in Krueger et al. (2016)). An
additional element that may effect the relative ability of households to smooth consumption in booms vs recessions could be cyclical fiscal policy. To the extent that
our measure of insurance was calculated with respect to post-tax-post-transfer income, our data analysis takes account of this. Nevertheless, it would be interesting
to investigate the relationship between different fiscal policies and the cyclicality of
consumption smoothing more in detail.
Both models we considered predicted the sensitivity of consumption to income
changes to be more procyclical, and thus more in line with the data, when individual
income shocks are more persistent in booms. In our simple application to unemployment risk, procylical persistence, however, contrasts with the countercyclical risk
we found in US employment data. More generally, it also contrasts with the findings of Storesletten et al. (2004) that persistent shocks are more important relative
to transitory ones in recessions. One possibility to reconcile our results with this
evidence would be misperception of consumers in the persistence of their income
shocks, as in Rozsypal and Schlafmann (2017). In fact, intuition suggests that if
individuals perceive shocks to be more persistent in booms, they react stronger to
income changes, as observed in the data.
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Appendix I: Data construction

We use a CEX sample that covers the years 1983 to 2012. We use the following
main variables in the analysis: a broad nondurable consumption aggregate (including rental payments and imputed rental services for house owners), denoted ND+;
the CEX aggregates of total nondurable consumption excluding rental payments
(ND), and food consumption (Food); family earnings (the sum of labor earnings of
the head and spouse of a household); family disposable income (including labor
earnings, business or farm income, professional income, financial income and income from social security, unemployment and other benefits including food stamps)
minus federal, state and local taxes paid, as reported by the household. To construct log-differences of income and consumption, we use residuals from a regression on year-quarter dummies and a number of household characteristics: the number of dependent children, the number of adults in the household, a cubic function
of the household’s head’s age, a dummy that equals 1 if a spouse is present, a set
of dummies capturing the head’s and spouse’s education status, and their interaction, and a full set of race dummies. We also perform our analysis using raw data,
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which yields very similar results (since most of the household characteristics are
unchanged and our regressors are log-differences).
We restrict our sample to households whose head is of working age (between 21
and 64 years of age), labeled as a complete income respondent (meaning the the respondent provided values for major sources of income, such as wages and salaries,
self- employment income, and Social Security income), who is present in all 4 quarterly interviews, and whose income is not top-coded. We also exclude households
whose composition changes. For the time-varying standard deviation (Panel d) of
Figure 1), we trim the log-differences in ND+ consumption at percentiles 2 and 98.
All time-series that enter Figure 1 or the regressions enter as deviations from a
log-linear trend.
As measures of the business cycle we consider deviations from a log-linear trend of
three aggregate output or income measures: real GDP, real household disposable
income from the National Income and Product Accounts (NIPA), and the sum of
disposable income in the CEX sample.

7

Appendix II: Solution and computation of equilibrium in the
LC economy

This section shows the existence of a ‘history-independent’ equilibrium in the economy with N = 2 and n = 2, where y ∈ {y l , y h }, Y ∈ {Y L , Y H }. The equilibrium is
history-independent in the sense that the consumption of h agents, all of them constrained, only depends on the current aggregate state, and that of interest rates only
on the current and preceding aggregate states, while consumption of agents that
remain unconstrained at low income depends on a (potentially long) finite history of
aggregate states. The intuition behind this result is that participation constraints
are purely forward looking: the contract value only depends on current consumption and future interest rates that determine consumption in unconstrained future
periods via (6). Moreover, when only h agents are constrained, the market clearing
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condition can be written as a function of h agent consumption in the current and the
preceding period and the current interest rate. We can thus write market-clearing
conditions and participation constraints independently of history, which implies the
existence of a history-independent equilibrium.

7.1

Existence of a ‘history-independent’ equilibrium

Result 4 below considers the economy with N = 2 and n = 2, y ∈ {y l , y h }, Y ∈
mn
{Y L , Y H } and independent individual transitions (pkl
ij = pij , k, l, m, n ∈ {H, L}), for

parameters such that all high-income agents are constrained but risk sharing is
strong enough for the mass of agents that are constrained at y = y l to be negligible.
In this case, the participation constraint of high-income agents allows us to write
a condition for the constrained level of consumption at y h , Y I , denoted chI
t only in
terms of future prices of consumption {Rs }, s = t, t + 1, ..., ∞ (which may depend on
the history of aggregate shocks until s).

1 1
1 1 hI
V hI = u(chI
t ) + δ[phh P V + phl P u (ct )] + phl

∞
X

s s
s s hI
δ s ps−2
ll [plh P V + pll P u (ct )] (13)

s=2

where we neglected the possibility to become constrained at low income in line with
the condition of the result, and
1

hI
s s
σ
us (chI
t ) = u((δ Πk=1 Rt+k ) ct ), s = 1, 2, . . .

is the 2s ×1 vector of current utilities from consumption after s periods of low income,
and thus s unconstrained transitions of consumption at 2s possible interest rate
sequences {Rt+1 , ..., Rt+s } (corresponding to 2s possible aggregate histories between
t + 1 and t + s) according to (6). Ps is the corresponding vector of probabilities of
each sequence. And V s with typical element V hI is the vector of autarky values at
high income in the last period of each sequence. Note that chI
t is history-dependent
only insofar future interest rates Rt+1 , Rt+2 , ..Rt+s are.
The market-clearing condition can be expressed in terms of the change in the consumption share of individuals whose current income is high vs of those whose in47

come is low. Take first-differences of individual consumption shares and integrate
over all agents whose income is currently high and low respectively, and impose
that no low-income agents are constrained, to get
Z
Z
c
c
cit−1 
cit−1 
it
it
(14)
− J di +
− J di
0 =
I
I
Y
Y
i:yit =yl Y
i:yit =yh Y
Z
c

h
iZ
chI
cit−1
it−1
t
IJ σ1
e
= πh I −
di + (δ Rt ) − 1
di
J
J
Y
Y
i:yit =yh
i:yit =yl Y

 hI 
chJ
chJ
ct
t−1
t−1
− phh πh J + plh (1 − πh )(1 − J )
(15)
= πh
YI
Y
Y

h
i
hJ
hJ
c
c
1
t−1
t−1
IJ
et ) σ − 1 phl πh
+(1 − πh ) (δ R
+ pll (1 − πh )(1 − J )
(16)
YJ
Y
 σ
JI Y I
J
JI
e
where Yt−1 = Y is the aggregate income value in period t − 1, Rt = Rt Y J and
we exploit the fact that the consumption share of unconstrained agents in t − 1
equals (1 −

chJ
t−1
).
YJ

IJ
hI
Given chJ
t−1 and ct , equation (16) defines a unique value Rt that is

consistent with market clearing when the economy transits from Y J to Y I between
periods t − 1 and t.
Note that with iid individual incomes, average consumption shares in the previous
period of current high and low income inviduals both equal 1. Equation (16) thus
reduces to

πh


i
h
chI
t
IJ σ1
e
−
1
=0
−
1
+
(1
−
π
)
(δ
R
)
h
t
YI

(17)

eIJ is strictly decreasing in chI (as the consumption of the unwhich implies that R
t
t
constrained must fall by more in (6), implying a lower RtI , when the consumption
of the constrained is higher). Also, Equation (6) shows how consumption of the
unconstrained in aggregate state I in period t is stricly increasing in RtI .
Result 4: Consider N = 2 and n = 2, such that y ∈ {y l , y h }, Y ∈ {Y L , Y H } and assume that an equilibrium with partial risk sharing exists and that full risk sharing
is not incentive compatible. Assume, for simplicity, that transitions of individual
income shares are iid over time (pij = pi , ∀j = 1, 2, .., n). When u exhibits CRRA
with RRA σ and parameters are such that all high-income agents are constrained
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but the mass of agents that are constrained at y = y l is negligible, there exists a
‘history-independent’ equilibrium, where the interest rate between periods t and
t + 1 depends only on the aggregate income in those periods so that
 σ
YI
I,J
I
Rt+1 = R = R
YJ

(18)

when Yt+1 = Y I and Yt = Y J . Moreover, individuals with high income experience
I
only two consumption levels cLh , cH
h that only depend on aggregate income Y , I ∈

{L, H}.
Proof : We show existence of an equilibrium that does not depend on history by
construction. Consider the autarky equilibrium with chI = y h Y I , I ∈ {H, L}, and a
pair of small changes dchI < 0, implying dRI > 0 according to (17). By the assumption that an equilibrium with partial risk-sharing exists, this makes participation
constraints in both aggregate states slack. It also satisfies resource constraints.
Now reduce chI further, adjusting interest rates in states where aggregate income
equals Y I in the same fashion, until the participation constraint binds in I. Do the
same for state J 6= I, noting that by increasing interest rates in state J, this makes
participation constraints slack in state I (as consumption in future unconstrained
states J rises for those currently at chI according to (6)). Iterate until both participation constraints bind, which implies partial risk sharing by the assumption that
full risk sharing is not incentive compatible.
In practice, we solve for chI , RI , I ∈ {H, L} using a numerical solver. Note that
this ‘history-independent’ equilibrium is history-independent only insofar as interest rates and constrained levels of consumption of high types are concerned. Consumption of low-income agents depends on the history of aggregate states (that
defines interest rate sequences). Equilibria where individual transition probabilities are not iid (pij 6= pi,k , k 6= j) or where individual transition probabilities depend
on aggregate states can be constructed in the same fashion (although in the latter case, (18) does not hold, as interest rates depend on aggregate transitions not
just through output growth). Similarly for equilibria with more aggregate states
N > 2. Equilibria with more idiosyncratic states n > 2 can only be constructed in
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this fashion when the mass of constrained agents at all but one income values is
negligible.

7.2

Computation

Suppose n = 2, N = 2 and that
c1−eσ − 1
.
σ
e→σ 1 − σ
e

u(c) = lim

Since (17) and (13) evaluated at I = L, H provide four equations in four unknowns
chI , RI , I = L, H, one can solve for the history-independent equilibrium easily using a computer. In this equilibrium, the assumption that no agent is constrained
at low income has to be verified (in the sense that the probability mass function
of consumption shares declines to negligible values at its lower bound y l ). Since
consumption at low income is history-dependent, one could simulate the economy
using the history-independent values of chI , RI , I = L, H. In practice, we proceed
as follows: Given R1 , R2 , cL and cH , construct two finite grids for consumption, each
appropriate for a distinct aggregate state. Denote them by c1 and c2 . Sometimes
we will consider these as column vectors whose elements are in ascending order.
We cannot be sure that, in fact, consumption is confined to a finite set, so this is an
approximation, but one that can be made arbitrarily accurate by making the grids
fine enough. The first element of cI is y 1 Y i and the last element of cI is chI .
Now we construct a probability transition function P (j, m|i, k) for all the grid points.
To be explicit, P (j, m|i, k) is the probability that aggregate output will be Y j and
individual consumption will be cjm in the next period if, in the current period, aggregate output is Y i and individual consumption is cjk .
Suppose we start in an arbitrary period t at grid point k in grid i so that this period’s
aggregate output is Y i and this period’s individual consumption is cik . Then there
are several possibilities for the next period.
With probability Π(j|i) we transit to aggregate state j. For each such j, there are
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two possibilities. With probability π(2), next period’s individual income share is
high and ct+1 = cj . That is the easy case. Alternatively, with probability π(1), the
individual income share is low. Then it is possible that the agent is unconstrained
in the next period. If so, next period’s consumption satisfies
ct+1 = (δRi,j )1/σ cik
If this ct+1 satisfies ct+1 ≥ y 1 Y j , then we have the correct value for ct+1 . Otherwise
ct+1 = y 1 Y j .
At this point, we may find that ct+1 is nowhere to be found on the grid cj . However,
by construction, we can find an integer m so that

cjm ≤ ct+1 ≤ cjm+1 .
So we assign some of the probability mass Π(j|i)π(1) to cjm and the rest to cjm+1 .
More precisely,

cjm+1 − ct+1
P (j, m|i, k) = π(1)Π(j|i) j
cm+1 − cjm

and
P (j, m + 1|i, k) = π(1)Π(j|i)

ct+1 − cjm
.
cjm+1 − cjm

Subtlety: the step down from cj may be less than the distance between gridpoints.
Then the total probability mass associated with the destination cj may come from
distinct contingencies. The above formula then needs to be modified so that

P (j, m + 1|i, k) = P (j, m + 1|i, k) + π(1)Π(j|i)

ct+1 − cjm
cjm+1 − cjm

where it is understood that P is initially set to all zeros and the formula is applied
for each distinct contingency (high or low individual income share).
Now organize all these transition probabilities into a matrix P and stack the two
grids according to


c := 

c

1

c2
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.

Then the value of staying in the prescribed risk sharing arrangement can be written
as
V0 =

∞
X

δ t µ0 P t u(c) = µ0 [I − δP ]−1 u(c)

t=0

where the row vector µ0 is the initial distribution over c, typically a unit vector with
all mass concentrated at a candidate value of constrained consumption of h agents
chI . Given guesses for chI , RIJ ,I, J ∈ {H, L} we can construct P and check participation constraints and market clearing. This allows us to solve for the historyindependent equilibrium using a computer. The advantage to simulation is that
the equilibrium P immediately defines transitions.
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Appendix III: Welfare costs of cyclical fluctuations in aggregate consumption and the degree of insurance

This section derives the welfare cost approximation mentioned in the introduction
using a simple static example. Write individual consumption as the product of an
individual consumption share c̃ and aggregate income Y , so c = c̃Y . Assume that
there is no insurance aggainst aggregate fluctuations, so c = c̃Y , but that idiosyncratic income shocks are partially insured: c̃ = 1 + βy, such that only a time-varying
fraction β of idiosyncratic shocks to income share y passes through to consumption.
Assume that shocks to idiosyncratic and aggregate income are independent of each
other, with constant means equal to Y = 1 and 0 and variances VY and Vy , respectively. The cost of aggregate fluctuations is then approximately


σ
VY
E[u(c) − u(c̃ Y )] ≈ − Vβ +
Vy
2
Vy

(19)

where Vβ is the variance of β. To see this, approximate utility using a second order
Taylor expansion of consumption around E[c̃] = 1 and E[Y ] = Y


1−σ
Y
δY
σ
1−σ
1−σ
E[u(c)] ≈
δc +
− ·Y
+Y
1−σ
2
Y
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δc2 +



δY
Y

2

δY
+ δc
Y

!
(20)

Taking expectations after deriving a similar second-order approximation for u(c̃Y )
and substituting δc = βδy yields
i
σ −(σ+1) h 2
2
E[u(c) − u(c̃ · Y )] ≈ − Y
E (β − β )Vy + VY )
2
σ
VY
2
= − [Vβ + [βb2 − β ] +
]Vy
2
Vy

(21)

where βb denotes the average of β in the cyclical economy. Costs of business cycles
are thus higher than when aggregate fluctuations increase β on average (βb > β), or
when β varies with the cycle (Vβ > 0).
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Appendix IV: A simple SI economy with quadratic preferences

Derivation of equation (3)
The individual Euler equation reads
1
1
1 − cit = δRt E[1 − cit+1 ]
θ
θ
Market clearing implies that 1 + rt =
aggregate shocks, we therefore have 1

1 θ−Yt
.
δ θ−Yt+1
+ r = 1δ

(22)

From period t + 1, in the absence of
and consumption is characterized by

the standard permanent-income formula for consumption as

r 
at+1 + (yt+1 − 1)Y ) + Y
cit+1 =
1+r
Using this expression, and E[(yt+1 − 1)] = p(yit − 1) in (22) yields


r
cit = θ(1 − δ(1 + rt )) + δ(1 + rt )
(at+1 + p(yit − 1) + Y )) + Y
1+r


r
= θ(1 − δ(1 + rt )) + δ(1 + rt )
[(1 + rt )(yit + ait − cit ) + p(yit − 1)] + Y
1+r
 r
θ(1 − δ(1 + rt )) + δ(1 + rt ) 1+r
[(1 + rt )(yit + ait ) + p(yit − 1)] + Y
=
r
1 + δ(1 + rt )2 1+r

(23)

(24)

where the second equality follows from the individual budget constraint, and the
third from rearranging for cit . Subtracting Ct = Yt from both sides, yields
i
 h
p
1+rt 2
Y
·
(1
+
·
)(y
−
1)Y
+ ait
it
t
1+r
1+rt Yt
cit − Ct = r ·

2
t
1 + 1+r
r
1+r
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(25)

Note that the interest rate in period t, paid in period t + 1, is


1
Yt − Y
1 + rt =
1−
δ
θ−Y


1

=
1−
δ
θ−Y
1
= [1 − ˆ]
δ

(26)
(27)
(28)

Using this in 3 yields

cit − Ct =

10

n
r[ρ2t (1 +

ρt p Y
(y
ρt (1+r) Yt it

− 1)Yt + ait ]

o
(29)

1 + (1 − ˆ)2 r

Appendix V: Sensitivity parameter β in a Krusell and Smith
(1998) economy with heterogeneous δ

Table 8: Sensitivity parameters β (in percent) in a Krusell and Smith (1998) economy
β

βY L

βY H

Stationary

6.390

Independent

6.320

6.760

6.119

Proc persistence

6.285

6.849

6.026

Counterc risk

6.348

6.640

6.214

For the economy with capital and Cobb-Douglas production and heterogeneous discount factors, such that 90 (10) percent
of agents have δ = 0.98(0.978), the table reports the cross-sectional regression coefficient β, in percent, on average (column
1), as well as in times of lower- (column 2) and higher-than-average output (column 3) without fluctations (row 1), with
idiosyncratic risk independent of aggregate fluctuations (row 2), with procyclical persistence (row 3), and with countercyclical
unemployment risk (row 4). To be consistent with CEX data, consumption and income growth are calculated as 4-quarter
changes in quarterly consumption and in (backward-looking) annual incomes.
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Appendix VI: Transition probabilities
Table 9: Independent individual transitions
yl , Y L

yh , Y L

yl , Y H

yh , Y H

yl , Y L

0.1876

0.6947

0.0250

0.0926

yh , Y L

0.0428

0.8395

0.0057

0.1119

H

0.0090

0.0335

0.2036

0.7538

yh , Y H

0.0021

0.0405

0.0464

0.9110

yl , Y

Table 10: Procyclical persistence
yl , Y L

yh , Y L

yl , Y H

yh , Y H

yl , Y L

0.1737

0.7086

0.0232

0.0945

L

0.0437

0.8387

0.0058

0.1118

yl , Y H

0.0097

0.0328

0.2187

0.7388

yh , Y H

0.0020

0.0405

0.0455

0.9119

yh , Y

Table 11: Countercyclical risk
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yl , Y L

yh , Y L

yl , Y H

yh , Y H

yl , Y L

0.1996

0.6828

0.0280

0.0896

yh , Y L

0.0450

0.8373

0.0053

0.1124

yl , Y H

0.0093

0.0332

0.1980

0.7594

yh , Y H

0.0022

0.0403

0.0456

0.9118

Appendix VII: An SI economy with capital and production
(Krusell and Smith, 1998)

The economic environment is a version of the Krusell and Smith (1998) economy
with unemployment benefits, as studied in Den Haan et al. (2010) (and other ar55

ticles in the same issue). Employed individuals earn wage yth = wt , while the unemployed receive unemployment benefits ytl = µwt . The only asset in the economy
is physical capital, whose net return equals rt − δ, the rental rate net of depreciation, and is equal for all households. Financial markets are thus incomplete, but
i
by saving
households can smooth consumption trough their choice of capital kt+1

and dissaving, subject to a no-borrowing limit (kti > 0). The household thus solves
the problem
max∞ Et
i i

{ct ,kt+1 }t=0

s.t.

cit

+

i
kt+1

=

rt kti

+ (1 −

τt )lyth I

+

∞
X

t=0
l
yt (1 −

(cit )1−σ − 1
1−σ

(30)

I) + (1 − δ)kti

(31)

i
kt+1
≥0

(32)

βt

where I equals 1 for the employed and 0 for the unemployed, Et is the mathematical
expectation conditional on information in period t, l is the time endowment (normalised to have labor supply in bad times equal 1) and τ a proportional tax on labor
income.
Competitive firms rent capital and hire labor to produce the single output good in
the economy using a standard Cobb-Douglas production technology
Yt = zt Ktα (lLt )1−α

(33)

where zt is an exogenous process for aggregate productivity that takes on two values
(zt ∈ {Y L , Y H }).
Markets for labor, capital, and consumption goods are competitive, so factor prices
are given by
α
Kt
wt = zt (1 − α)
lLt
 α−1
Kt
rt = zt α
lLt


(34)
(35)

Taxes τt are set as to balance the budget of an unemployment insurance scheme,
such that
τt =

µut
lLt
56

(36)

where Lt and ut = 1−Lt are, respectively, the employment and unemployment rates
in the economy.
We set α = 0.36, and δ = 0.025, standard values also used in Den Haan et al. (2010).
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